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Weather Radar Equation Correction for Frequency
Agile and Phased Array Radars
This paper presents the derivation of a correction to the
Probert-Jones weather radar equation for use with advanced
frequency agile, phased array radars. It is shown that two
additional terms are required to account for frequency hopping
and electronic beam pointing. The corrected weather radar
equation provides a basis for accurate and efficient computation
of a reflectivity estimate from the weather signal data samples.
Lastly, an understanding of calibration requirements for these
advanced weather radars is shown to follow naturally from the
theoretical framework.
I. INTRODUCTION
The classical weather radar equation was
introduced by Probert-Jones in 1962 [1] and has
Manuscript received May 1, 2006; revised November 24, 2006 and
July 18, 2007; released for publication July 18, 2007.
IEEE Log No. T-AES/43/3/908445.
Refereeing of this contribution was handled by E. S. Chornoboy.
This work was supported in part by the Office of Naval Research
through a Cooperative Research and Development Agreement,
NCRADA-NPS-03-0052, between Naval Postgraduate School,
Monterey, CA and ProSensing, Inc., Amherst, MA.
0018-9251/07/$25.00 c° 2007 IEEE
since been universally used to implement reflectivity
algorithms. These algorithms are used to compute
reflectivity estimates from the signal sample data
collected by weather radars. Existing weather radars
typically operate at a fixed frequency and employ
antennas that are mechanically scanned. Recently
however, there has been interest in adding a weather
processing capability to advanced radars originally
developed for other purposes. Some of these radars
are frequency agile and use phased array antennas.
Adaptive waveforms and phased array technology
for agile beam scanning strategies have also been
identified as technologies that should be investigated
for the next generation of U.S. national weather
radars [2].
The cross section density of precipitation in
the Rayleigh region varies with frequency, as does
antenna gain and beamwidth. Further, antenna gain
and beam solid angle also vary when the beam of
a planar phased array is electronically pointed off
broadside. These inter-related effects impact the
radar effective radiated power, the size of the radar
resolution cell and ultimately the observed average
power return and reflectivity estimate. These effects
raise doubts about the direct applicability of the
Probert-Jones equation to these radars. If used,
the classical Probert-Jones weather radar equation
would lead to reflectivity errors because frequency
hopping and electronic beam pointing effects are not
inculded. These errors would exceed the reflectivity
accuracy objectives of most modern weather radars.
The objective of the work described here is to
analytically account for the effects of weather radar
frequency agility and electronic beam pointing in
the weather radar equation. Analytically accounting
for these effects leads to a theoretical result that
permits a reflectivity estimate to be computed simply,
accurately, and efficiently. The theoretical framework
also leads to a clear understanding of the calibration
requirements for frequency agile, phased array
weather radars.
II. PHASED ARRAY FUNDAMENTALS
A. Scanned Array Gain
Consider a rectangular planar array with separable
aperture distribution
Ea(x,y) = Ea1(x)Ea2(y) (1)
where Ea1(x) and Ea2(y) are the aperture field
distributions in the x and y directions, respectively.
It can be shown [3] that when the aperture distribution
is separable, the directivity D is also separable and is
given by
D = ¼DxDy cosμ (2)
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where μ is the angle of the antenna beam with respect
to boresight or the normal to the array face. The








where Lx and Ly are the x and y dimensions of
the array, ¸ is the wavelength and the constants cx
and cy are determined by the tapers of the aperture
distribution. It is assumed here that the taper does not
change as the antenna beam is electronically pointed





where LxLy = Ap is the physical aperture area. Gain
G is related to directivity by the array radiation
efficiency er, so









, μ = 0 (6)
then gain can be written as
G =G0(¸0=¸)
2 cosμ (7)
where G0 is the gain at the reference frequency f0
when the beam is pointed in the broadside direction.
Note that for a uniformly illuminated aperture, cx =
cy = 2 (cxcy = 4) and for a tapered aperture, cxcy < 4.
B. Scanned Array Beam Solid Angle
An alternative but fundamental expression for the





where −B is the beam solid angle. In any arbitrary
direction, the beam of a high gain array forms an
ellipse on the surface of a sphere as illustrated in
Fig. 1. As the beam of a phased array is scanned,
the orientation of this ellipse varies, as does the beam
solid angle. Let μu and 'v be the beamwidths in the
orthogonal planes defined by the major and minor
axes of the ellipse. Then
−B = const£ (μu'v): (9)








where μbrB0 and '
br
B0 are the broadside 3 dB principal
plane beamwidths at the reference frequency f0 [3].
It should be noted that the half-power beamwidths
Fig. 1. Planar array with z axis normal to array face. ® and ¯
are beam angles measured in x-z and y-z planes.
required in the classical Probert-Jones equation are μu
and μv. Equation (10) gives these beamwidths in terms
of other known quantities.
C. Beam Pointing Angle
Assume the planar array lies in the x-y plane as
illustrated in Fig. 1. In general the beam of the array
can be steered by changing frequency, changing phase
using phase shifters, or some combination of the two.
The objective is to point the beam by changing the
phase shift across elements in the x and y directions.
Further assume that ® is the beam angle measured
in the x-z plane and ¯ is the beam angle measured
in the y-z plane. For a linearly polarized antenna,
one of these planes would typically be referred to
as the E-plane and the other as the H-plane. Simple
geometry relates μ, the angle between the z axis and
the beam axis, to ® and ¯. The relationship is
μ = arctanf[(tan®)2 + (tan¯)2]1=2g: (11)
Planar phased arrays for surface-based radars are
typically tilted in elevation. The elevation plane is the
H-plane for phi polarized antennas and the E-plane for
theta polarized antennas. The z axis remains normal
to the face of the tilted array but an expression for
elevation angle with respect to the horizon is desired.
The angle in the elevation plane must be corrected for
the tilt. If we define μe as the elevation angle of the
beam with respect to the horizon, μtilt as the tilt angle
and assume the x-z plane is the elevation plane, then
μe = ®+ μtilt: (12)
III. POINT TARGET RETURN
The return from a point target is of interest
because a weather radar must be calibrated to
accurately determine radar cross section from
the measured receiver output power. One way of
calibrating a radar is to measure the power returned
from a reference target such as a metal sphere.
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For a point target, the echo power at the receiver







Pin = receiver input power
Pt = transmit power
G = antenna gain (peak)
¸=wavelength
¾ = point reference target radar cross section
R = range to target
Ls = radar system losses
La = atmospheric propagation loss:
Using (7), Pout, the power at the coherent receiver





where Grx is the receiver gain. Rearranging terms,













The first term on the right side of (15) contains
radar system parameters which may not be precisely
known. The objective of a calibration is to determine
the composite of these factors. For the case where
the reference target is on boresight μ = 0, the
measurement is made at the reference frequency













From (16), it is clear that a measurement of receiver
output power and range for a reference target of
known cross section (μ = 0, ¸= ¸0, La = 1) permits
the radar system constant on the left side of (16) to
be determined. For cases where the reference target
return cannot be measured on boresight, (15) can
easily be used to derive an alternative form of (16)
for another beam pointing angle.
IV. VOLUME TARGET RETURN
A. Classical Weather Radar Equation
















Z = reflectivity (mm6=m3)
Pout = average output power (W)
c= 3£ 108 m/s
¿ = pulsewidth (s)
jKj2 = j("r¡ 1)=("r+2)j2 ¼ 0:93 (H2O)
"r = hydrometeor relative permitivitty:
Note that μB'B = μu'v are the beamwidths required in
(17) and (18) as these are the beamwidths that define
the beam solid angle for an arbitrary beam pointing
direction.
B. Weather Radar Equation Correction
Equations (7) and (10) can be used in (18)
to correct the classical weather radar equation.























Simplifying, for frequency agile, phased array weather






















Note that the units of Z are given correctly
(mm6=m3) by the first two terms of (20) if range is
in millimeters, ¸0 in the numerator of the first term is
in millimeters and the quantities in the denominator of
the first term are in meters.
All factors in (20) appear in the classical
Probert-Jones weather radar equation [1] except
the terms (f=f0)
4 cosμ. These terms analytically
account for the Rayleigh region frequency dependence
of scattering from precipitation, the frequency
dependence of antenna gain and the change in antenna
gain, and beamwidth as the antenna beam is pointed
off boresight.
To illustrate the application of (20), consider the
MWR-05XP radar [5] shown in Fig. 2. This is a
mobile, X-band, frequency agile, phased array weather
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Fig. 2. Naval Postgraduate School MWR-05XP mobile,
frequency agile, phased array weather radar [5].
radar with operating parameters as follows:
f0 = 9370 MHz
¿ = 1 ¹s
μbrB0'
br
B0 = 1:096£ 10¡3 rad
PtG0 = 111:1 dBm
Grx = 42:1 dB:
The receiver gain Grx can be adjusted using an IF
attenuator and the value given above is measured with
the attenuator set at AdB = 28 dB. The attenuator is
set to achieve an average radar system noise level
about 10 dB above the digital receiver noise floor.
This is necessary if postdetection integration is to be
implemented.
























Fig. 3. Reflectivity correction to Probert-Jones equation due to
frequency hopping.
Substituting the above values of the various terms
for the MWR-05XP weather radar in (20), we obtain
ZdBZ =¡22:8 dBm+La(dB) +20log(Rmeters)
+PoutdBm¡ 40log(f=f0)¡ 10log[cosμ]:
(21)
The last two terms in (21) account for the effects of
frequency agility and beam pointing.
C. Correction Associated with New Terms
It is of interest to investigate and quantify the
correction that might typically accrue from the two
new terms that appear in (21). Consider a radar with
a fractional bandwidth of about 6% and assume the
beam is pointed 45 deg off boresight. The frequency
hopping and beam pointing terms (last two terms) in
(20) yield
¡40log(f=f0)jf=f0=1:06 ¼¡1 dB (22a)
and
¡10log(cosμ)jμ=45± ¼+1:5 dB: (22b)
It should be noted that the sign of the result in (22a)
would change if the reference frequency f0 were
chosen to be the highest frequency in the band rather
than the lowest, as assumed in (22a). Thus, the
correction associated with the two terms could be as
high as 2.5 dB for the conditions assumed. This error
exceeds the reflectivity accuracy objective for most
modern weather radars.
Fig. 3 shows the correction to reflectivity
due to frequency hopping. The dB value of the
correction may be positive or negative depending
on the instantaneous transmit frequency relative to
the reference frequency. The choice of reference
frequency within the operating band of the radar is
arbitrary so the correction may be positive or negative.
Fig. 4 shows the correction to reflectivity due
to beam pointing. Phased array beams are usually
pointed up to 45 deg off boresight and the correction
for this pointing angle is 1.5 dB as noted above.
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Fig. 4. Reflectivity correction to Probert-Jones equation due to
off boresight electronic beam pointing.
D. Sensitivity
The sensitivity of a frequency agile, phased array
weather radar will also vary with frequency and beam
pointing angle. Sensitivity is frequently specified as
the level of reflectivity that will produce a single pulse
signal-to-noise ratio (SNR) of 0 dB versus range.
While this seems artificial at first, the result it yields
is little different from the sensitivity computed when
pulses are integrated and a higher SNR is specified,
as required for good detection probability. Returning
to (20), if one makes the substitution Pout =Nout where
























ZdBZ = CdB +20log(R) +La(dB)
¡ 40log(f=f0)¡ 10log(cosμ): (23b)
The first term in (23b) is simply a constant. For the
MWR-05XP, for example, CdB =¡33:5 dB when R
is in km. The first two terms in (23b) give the usual
dependence of reflectivity sensitivity on range while
the last two terms provide the correction required
as a result of beam pointing or frequency hopping.
Equivalently, it can be seen that sensitivity will vary
depending upon the beam scan angle and frequency
within the operating band of the radar. Scanning the
beam 45 deg off boresight, for example, reduces
sensitivity by 1.5 dB. For a radar with the reference
frequency chosen at the high end of its operating band
and a 6% fractional bandwidth, the frequency term
in (23b) results in a further decrease in sensitivity
of about 1.1 dB at the bottom end of the operating
band relative to the top end. Thus, the reflectivity
sensitivity of a frequency agile, phased array weather
radar can easily change by as much as 2 or 3 dBZ
under practical operating conditions.
Inspection of (20) and (23a) shows the correction
factors for reflectivity and sensitivity are the same.
Thus, Figs. 3 and 4 may also be used to determine
the sensitivity corrections for frequency hopping and
beam pointing.
V. CALIBRATION
The corrected weather radar equation, (20), clearly
indicates the calibration requirements for a frequency
agile, phase scanned weather radar.
A. Radar System Calibration Constant
The first of the calibration requirements is the
measurement of the radar system calibration constant.
The measurement should be made using a reference
target of known cross section ¾. The power Pout
returned from the reference target at range R should
be measured with the antenna beam on boresight (μ =
0), at the reference frequency f0. The reference target
should be located at the point of maximum beam
gain. This provides the measurement data required












that appears in (20). As noted above, if a broadside
measurement cannot be made, (15) can be used to
correct a measurement made with the beam pointed
at an angle μ with respect to the normal to the array
face.
B. Broadside Half-Power Beamwidths
The second of the calibration requirements is
the measurement of the radar antenna broadside
principal plane beamwidths μbrB0,'
br
B0 (beam on
boresight at reference frequency f0). This provides







that appears in (20). Unfortunately, an off boresight
measurement of beamwidths is problematic. For
an arbitrary pointing angle μ, the orientation of the
ellipse that defines the beam principal planes changes
direction. Thus, the directions of the axes, u and v,
along which the principal plane beamwidths μu and 'v
must be measured and are not so easily determined.
Careful processing and subsequent correction of data
obtained from a two-dimensional scan of the reference
target would be required.
The remaining terms in (20) can be evaluated
from a knowledge of pulsewidth, reference frequency,
transmit frequency, receiver average output power,
and beam pointing angle. Thus, the calibration
requirements for a frequency agile, phased array
weather radar are really quite simple in principle
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though they may be difficult to implement in practice
if boresight measurements cannot be made.
C. Beam Solid Angle Correction
The half-power beamwidths in the Probert-Jones
equation are present to account for the beam solid
angle contributing to backscattered power. The






± · 0:034 (24)
where f(μ,') is the antenna pattern function. The
bound on ± implies the error in the result is no
greater than 0.15 dB. If the antenna pattern is known,
either analytically or from measurement, numerical
integration can be used to determine any correction
that should be applied to (24).
To illustrate, consider a circular aperture of radius







, r · a (25a)
where r is the distance from the center of the aperture.



















Consider a circular aperture with a parabolic
taper n= 1 and principal plane beamwidths μB =
0:9 deg. This taper gives a theoretical sidelobe level
of ¡24:6 dB. Fig. 5 shows the normalized gain of the





assumed by Probert-Jones. It can be seen that
the Gaussian approximation to the gain pattern
overestimates the backscattered power in the region
near the first null. Numerical integration can be used
to evaluate (26) to find the correction factor k1 =
¡0:76 dB. Other taper and beamwidth combinations
yield different correction factors.
Further evidence of this residual error in the
Probert-Jones equation can be readily found. The
Colorado State University CHILL weather radar uses
a published correction factor of +0:5 dB to the radar
constant based on pattern integration [10]. This is
Fig. 5. Gain pattern for circular aperture with n= 1 parabolic
taper (solid curve) compared with Gaussian pattern approximation
(dashed curve). Half-power beamwidth is μB = 0:9 deg.
equivalent to a correction factor of ¡0:5 dB as defined
in (26).
The two examples above show that a reflectivity
estimate computed using the Probert-Jones equation
will be in error by an amount equal to the beam solid
angle correction factor (see (26)) if the correction
factor is not determined and included in the equation.
While the procedure for correcting for actual beam
solid angle is straightforward in principle, it is not so
straightforward in practice. It requires knowledge of
the antenna pattern function based on either theory,
measurement, or numerical modeling.
D. Calibration Alternatives
The sections above describe the direct
measurement of the radar calibration constant and
broadside beamwidths. That requires a measurement
of echo signal power when a reference target is
viewed with the main beam in the broadside position.
While this is the most straightforward approach, it is
certainly possible, as noted, to make measurements
with the beam pointed away from the broadside
position. In this case, the measurements must be
corrected to obtain the desired results using (7) and
(10).
The most commonly used reference target is a
sphere which has an easily determined radar cross
section that is independent of aspect angle. Radar
calibration spheres are inexpensive and commercially
available. There are other calibration approaches,
however, including active calibration and solar
calibration. An excellent summary of calibration
alternatives and their relative merit is contained in [6].
A detailed discussion of solar calibration is given in
[7] and measurement data is presented in [8].
VI. CONCLUSIONS
This paper presents the derivation of a correction
to the classical Probert-Jones weather radar equation.
It is well known from antenna theory that the gain
and beamwidths of a planar array will change with
frequency and that these parameters will also vary
with beam pointing angle. However, it is not so
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obvious that the scanned beam of a phased array
describes a tilted ellipse on the surface of a sphere.
The solid angle of the scanned beam varies with
pointing angle and is computed from the beamwidths
defined by the major and minor axes of the tilted
ellipse. It is shown that the solid angle for an arbitrary
beam pointing direction can be related to the solid
angle of the more easily visualized and better
understood broadside beam. Thus, knowledge of
the broadside beam solid angle along with the beam
pointing angle, transmit frequency, and reference
frequency is sufficient to permit computation of the
solid angle when the beam is pointed off boresight
and frequency is hopped.
It is also clear that the echo power from
precipitation will vary with frequency and that the
angular dimensions of the radar resolution cell will
change with frequency and beam pointing angle
as discussed above. It is not immediately obvious,
however, what impact this will have if the classical
(uncorrected) Probert-Jones equation is used to
compute reflectivity. This paper shows that the
application of array fundamentals to the Probert-Jones
equation leads to a correction of the weather radar
equation that simply and elegantly incorporates the
effects of frequency agility and electronic beam
pointing. It is important to account for these effects
if the reflectivity of precipitation is to be accurately
estimated. The accuracy of the reflectivity estimate in
turn impacts the estimation of rainfall rate.
The theoretical framework presented here also
clearly reveals the calibration requirements for a
frequency agile, electronically scanned weather radar.
Ideally, two measurements should be made with the
beam normal to the array face. First, echo signal
power from a reference target of known cross section
should be measured to determine the radar constant.
Second, the principal plane beamwidths should be
measured with the beam pointed in the broadside
direction. These beamwidths determine the broadside
beam solid angle. Although measurements for an
arbitrary pointing angle μ are possible in principle,
it is simpler if measurements can be made with the
beam normal to the array face.
There remains some residual uncertainty associated
with the Probert-Jones factor relating 3 dB beamwidth
to the beam solid angle used to determine the effective
size of the radar resolution cell. The Probert-Jones
equation incorporates a factor 2 ln2, which is claimed
to be accurate to within 0.15 dB. The exact value
of the factor will depend on beam pattern, however,
and for a theoretically or experimentally known beam
pattern the factor can be determined numerically. The
theoretical example included here assumed a circular
aperture with a parabolic taper and a 0.9 degree
beamwidth, yielding a correction factor of ¡0:76 dB.
The Colorado State University CHILL radar uses a
0.5 dB correction to the Probert-Jones equation based
on pattern integration, suggesting a residual error of at
least that magnitude. Both the theoretical example and
the practical example indicate that the expression for
beam solid angle in the Probert-Jones equation results
in an uncertainty greater than the 0.15 dB claimed
in [1].
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Waveform Design for MIMO Radars
We consider the problem of waveform design for multiple
input/multiple output (MIMO) radars, where the transmit
waveforms are adjusted based on target and clutter statistics.
A model for the radar returns which incorporates the transmit
waveforms is developed. The target detection problem is
formulated for that model. Optimal and suboptimal algorithms
are derived for designing the transmit waveforms under different
assumptions regarding the statistical information available to the
detector. The performance of these algorithms is illustrated by
computer simulation.
I. INTRODUCTION
Recent advances in linear amplifier and
arbitrary waveform generation technology, and the
ever-increasing processing power, have spawned
interest in the development of radar systems which
attempt to make full use of the spatial and temporal
degrees of freedom available to the radar transmitter.
These technological advances make it possible
to consider the design of radar systems which
allow the transmitter full flexibility in selecting
the transmitted waveform (within given bandwidth
and power constraints) on a pulse-by-pulse and
antenna-by-antenna basis.
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The flexibility of using a multiplicity of
transmitted waveforms, and of adaptively adjusting
these waveforms, offers significant performance
advantages. Fundamentally, the additional degrees
of freedom afforded by the ability to vary the
transmit waveform can be used to optimize a desired
performance criterion. For example, the waveform
can be adapted to the target signature to enhance
detectability, to increase clutter or interference
rejection, or to improve robustness to multipath.
To put these works into perspective we note
that the radar design is driven by the assumed
models of the target and the interference-plus-noise
environment. Targets are often modeled as point
scatterers. However, as the resolution of radar systems
increases, a better model is that of an extended target
which is spread in range, azimuth, and Doppler. The
target model can be deterministic or statistical: the
former assumes that the target characteristics are
fixed and known (possibly up to some unknown
parameters which can be estimated), while the latter
treats the target as a random variable and attempts to
characterize its statistics. Similarly, different models
can be used for the interference environment (clutter,
jamming, nearby targets).
The work on optimum transmit-receive design in
[1], [2], [3], for example, assumes a deterministic
target model with a range spread, using a single
transmit antenna, or an antenna with multiple
polarization modes [4]. In a recent paper [5] we
studied optimal waveform design for a single antenna
radar. We presented a signal subspace framework
which allowed the derivation of the optimal radar
waveform for a given scenario and to evaluate the
corresponding radar performance.
Recently there has been considerable interest in
radar systems employing multiple antennas at both the
transmitter and receiver and performing space-time
processing on both, commonly referred to as multiple
input/multiple output (MIMO) radar. This work has
focussed almost entirely on the point target model,
and assumes transmission of orthogonal signals
on the different antennas. This makes it possible
to separate the signals arriving from the different
transmit antenna at the receiver, and to perform any
transmit array processing functions on the receive
side “after the fact.” For example, one can scan the
transmit beam across the illuminated area within a
single dwell time, or perform adaptive beamforming
to reduce interference and improve resolution [6—13].
(Note however that the coherent transmitter array
gain is lost when doing the transmit beamforming
after, rather than during, transmission). Employing
adaptive processing it is possible to improve clutter
rejection in ways that are not possible in conventional
radar [14, 15]. MIMO radar can also provides
angular diversity which is useful in some scenarios
[16—18].
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